
Dimension formulas
for the spaces of modular

forms.



Notation: Let D = [ nec be a divisor on X

we write D
, 0 "if 1

,40 for all eeX.

Let D be any divisor on X
.

Consider the following rector space :

L(D) = (f + ((X) /f = 0 or div(f) +1, o]
e(D) : = dimL(D)

Theorem (Riemann-Roch) Let X be a compact

Riemann surface of genus g. Let dir(X) be a

canonical divisor on X . Then for any divisor

D = Dir(X)

e(D) = deg(D) -g +1 + 2(div(x) -D)



Corollary: Let X be a compact Riemann surface of genusg.
Let div(x) be a comonical divisor on X.

Let D be
any divisor on X

(a) e(dir(x)) = g
(6) deg (dir(x)) = 29-2
(c) If deg(D) < o then e(D) = 0

(d) If deg (D) > 2g- 2 then &(D) = deg (D) -g +1



Proof :
(a) We apply the RR formula

e(D) = deg(D) -g +1 + 2(div(x) -D)
to D = 0 :

e(0) = deg(0) - g + 1 + 1 (div(x)) ·
Note that ↓10) = & and (0) = 1.

Thus Tie(dir(a)) = g H

(b) Apply RR to D = div (x)

& (div(x1) = deg (dir(x)) - g + 1 + e(0)
Now part (a) implies

deg (div(31) = 2g-2



(2) Suppose that fEL(D) \\0]
Then div (f) + D = 0 => deg (divif) +D) <o

On the other hand : deg (divif) = 0 , deg (D) < O
Hence deg (dirif) + D) <o => 1(D) =0

(d) Suppose that deg (D) > 2g- 2

by RR ;

e(D) = deg(D) -g +1 + 1(diw(x) -D) (*).

by part (b)

deg (dir(x) - D) = 2g - 2 - deg(D) < 0.

Therefore
, by part (c) f(dir(x)-D) =0

Hence (A) becomes : e (D) = deg(D) -g +1



Divisor of a modular form.

Let 5 be a modular form of weight k and group !

Recall Theorem : Let a : h + X (5) be the natural projection map.
There exists a unique meromorphic differential (

of degree 1/2 on XIT)

such that ** (w) = f(z) (dz)
*

Abuse of notation : Wi = f(z) (dz)
What can we say about dir (w) ? We consider 3 cases

· regular points
O· elliptic points
· cusps

· Suppose that PtXIt) is a regular point , then

ordp(w) = ordzpif), x : h = X(t)
is the natural

where zp=h , (zp) = P projection



· Suppose that PEX(T) is an elliptic point of
order M.

hemmani Let A be a generator of Stab (F).
Ep

There exists a biholomorphic function u = h -> D
such that z4Az

*u(zp) = 0 =Im # S
- ↓

I

zzi/
.

a()Iu (Az) = 2

Then
q = nm is a local parameter around Pon X(t).

f(z)(dz)* = f(u) (* (u*= (u) (du)**

We have : ord f(z) = ordn=of(x) =: Up
z= zp



(Sni) · (dY)
1/2
= J(u) (del** => JBM)= Flu

The Laurent expansion of F around u= 0 has the following form :

n& (k) =
n = modu C (h) U

n> Up
m-

q = umda = m .n du #

w = F(u(q))(d)(dq) = all powers n+ 12-mke are divisible by m

k/2-m . k/2 Therefore
,
this function is a

F(u) m-1 (dq2 ↑ meromorphic function ofq = um- (
- k/2

= 2 (dq)Emoom(n)· m . un
+ 12 - m -/2

n > Up
Recall ;

= 189
no-1

+... ( (dq)
42

We assume that k is

ordpw= k/2
even



⑳ Suppose that P is a cusp of XIT).
Let

q
= 22iz/Ir be a local parameter around P

f(z)= in

w = f(z)(dz) da= q . dz

w(q) = f(q(z))(4)(dq) = f(q) (g)
*

(dq)*

= f(q)q
*2 (h) 42(dq)

ordpw = Up-k/2



Thus
,
we find :

dir(w) = [Up . P

Pregular I

-up (up - 12) . P

+ camp-up-(1-mp) ·E )P
We introduce the following notations:

dir
*
(dz) : = [ (P) + [(z) . p + [(E) . P

Pcusp Pelliptic Pelliptic
of order 3 of order 2

dir* (5) :=up . P
+[Up . P

+pic pup
- P

We have : diviw) = dir
*

(f) + K/2 · dir*(dz)



Now we can describe elements of Ma(T) :

feM,(T) < dir*(f)0= dir(w) - Kadir*(dz), o

Let to be any element of (t) (recalli meromorphic
modular forms)

Then Wo := Jolz) (dz) is a meromorphic differential.

We have :

A, (T) = <g · 50 1 geto (i)= ((X(r)

Mr (T) is a subspace of A. (5)

fog Mk(t) if and only if Up(fog), 0
for all PEX (t).



This is equivalent to i

dir * (fo · g) o

Recall : div (Wog) = dir
*

(50. g) + Edir*(dz)
Therefore

, to g belongs to M
,
(5) if and only if

dir(Wo . g) - Edir
*(dz), o Use Riemann-Roch?

div(g) + div(Wo) - Edir*(dz)0
~ This is not aWe introduce the following notation : ⑪ divisor on X(r)

for NieQ L[viPi) : = [ (vi) . Pi
I

here (f) is an integral part of a rational number ?

By definition, this condition is equivalent to :

g = ↓ ((div(wo) - Edir*(dz)))



We have established that

dim (M, (5) = e( (div(wol-Edir
*(dz))

where wo is any
element of

**
(X(+) \403·

Now it suffices to compute & ((div(wo) -Edir*(dz)).

First
,
we show that

deg (Ldiv(wo) - E dir*(dz))) > 2g-2



By a corollary to RR

deg (div(Woll = E (29-2)

Also we have ;

deg ((div (wol - E dir
* (dz)))

By our
= E(29 -2) + (4) + LE/E + EEo computation

of the

genusof XIt)
↳ E(2g - 2) + 1 3 + 12 + Ed

-
-

= (29-2)+ + + Ed +E

-29 - 2 + 20) 2g - 2 This proves theClaim.



Now the Riemann-Roch theorem

( + the corollary) implies :

dim (2 (Ldiw(Wol - Edir*(dz))) =
= deg ) (div(wo) - E dir*(dz))) - g(X(t)) + 1

Theorem; For even k
num

(k- 1)(g - 1) + (4)2+15 +Es if,2
dim (c(r)) = 1 if k = 0↳⑧ if k < O



Sx(r)cMc(t)

(k- 1)(g - 1) + (4)5 + Lz)5s+ (E -1)d if k4

dim(S(t)) = g if k = 2S ↑

O if k < 0

&

Exercise : Suppose that fe Sz(t) then

f(z)dz defines a holomorphic
differential On X(t)

.

1

Moreover
,anoe(X(r) = S (5)



Example : T = +(2)

Ez = 0 X (r(2))

E
g = 0

dim M (r(2)) = (k- 1) (0 -1) + .3 = E + 1
,

k even
K

dim M2(r(21) = 2

In the previous lectures we have shown that :

(0) too , t S Fo = Mz(r(2))

Recall : 000lz)=I einz z =[G(z)=en
nET

=> There is a linear relation between these (0) elements

Jacobi identity : to= + t
-

3



Lemma : Ma(r(2) = K
. Go" + 1 to

num

What about other even weights ?

hougenousMy (5(21) [ Fo
,
to]

deg = 2
=: v

4

dim Vy =3 exercise

dim My (r(21) =3

Exercise : For even k

Mk(5(2)) =DE , Go Jhomgenous
s



Multiplicity vs order
1

X = 4 f : ( -> P meromorphic function ZEC

Laurent expansion of f at zo : f(z)= c(n)(z-z)
"

g
n = No

C(no) = 0

if no < 0 => f(z) = D

multzolf) = 14d
S
ordzolf) = No

if no = 0 => 5(20) -> &103 f(z) = Co+ (n)(z-z

multzolf) = 11 ordzolf) = 0

if no > 0 => f(zo) =0 f(z)=) (z-z0)"
,

multzolf)= No ordzolf) = No


