Dimension formulas
for the spaces of modular

fOPM 5.



;A/O‘éa/{’o'on,; 0&/6 D = Z mx..x g@ A EA‘M/SOF on X

Pa
We wr/te D>/O 4'35 M3c>/o Jfor al. x ¢ X

it D ay diccor o X Coneider  the J%ZLMM% veotor  gpace
L(D)t {(]Cé @(X)}fEO or %f‘w(qutD?/O}
£ ( DYi= din L(D)
TReorem ( B'emwnn—Rodq) ﬂ(Mf X G a compack
Riemamn  surfac of genus 9. Lot %5}‘(70 & a
canonicak bivrisor  on X 77)%, Jfor‘ cny Airsor
D € Dir(x)

2(D) = %eg(D>—j t1 4 C( dir(xy-D)



COfOeea’fgz: M X be a Cam/maf @W@m Jwgfczce @fj%agj,
Lokt i (2D tbe a canonical divisor o X
kot D be 2y devicor on X
@) £( div( ) =9
(6) deg (div(X)) =Zg9-2
@ If p/e(jf(D) <o the, 4(D)=0
() If  deg (D) > 29-2 then £(D)=dey(D)-g+4



Proof:

@) We  appty the KK frpuda
2(D) = deg(DD—g g+ 0( dir(3)-D)
7 D=0
2(0) = 0/%[0) —gtd+ £ (dircay),
Vote  tat o (0)=C ad E(0)=1
Thus ¢ ( div () =3
(6) Apply RR 4 D= dir(2)

¢ (Lir( M) = deg (Aiv(2>) = gt4 + £(0)
Now Pa,r{ () 4'm/o//'es

deg (div ()Y = 29-2 1A



(€)  Suppore that F€ LED)D\AH0J

Thewe div(EY+ D=0 = o(e(c)(ﬁ(iv(f) *DD > 0
On e othesr homol olea(olm(f)>=0, ofeg(D)<0
Hemee deg(&b‘c@)’rl)} <0 f = {(D>=0 7

() Suppose that — deg (D) > 29-2
5; RR .
€(D) = dg(D) —gea « £ ir(2D-D) (.
by put ()
a(eé (&g/“u’(A)~DB = 29-2- o/e(?CD) )

merefo(Q/ gg Pa/é CC) £ ( GZ/U”(?)—D) =0
Hewe B beomes : €£(DD = degCD) -9+t1 Y



Divisor of a modubar form.
At f fBe a modiar form of weyght K andd jfm/f._
Recatt  Theorem; Let 00 = XD e the natural projection map.
There exists a wnique meromorphic differential W
of degree k/ on  X(I)
suh that gt (0> = £23@2Y?
Abuse 0f notation, (O = f(z) (o/z)K/Z
What — cam  we say abot i () ¢ We cousider 3 cases

® cegubar points
® clliptic points

® W5/05
® SMPPOSQ that Pe X([) 15 a regubar  point , then
ondp (W) = Oro/%P(f ), 2 B> (P)
whire  zp e M, Rz =P . PZjechame



) gu'a‘oO&Q_ +that Pe X)) s an e/a'/gf/'c /DO/'nz" of
order 1.
&mma,’cﬁt A be « generator of §h4 (f;D

There  exists @ Gholmorphe Frmcton. a0 B —D
cuch  that

: ' ///
TUCZp) =0 | 2t om K/QP -
2Lo11/m
U (A=zD = e Y

Then  g=u" (s a bl paraucter around Pon X(T)
Y,

b @aft = feo () dul- e

Moo ook §5> - ord,_ T =
2=2P



Flsp0 - (dgu)™ = Fleo W)™ = Flpo=Y," §
The J\O(Mf%t expomsion  of ? Moww' U=0 har +he ﬁ%wivﬁ folm
S(wy = 7 Cp (0 w

N=-k/2 modm

/%(JGDK/Z - all powers  n+ky—mky, are diisible 8% &

There fore | this function Iis a
meromorphic Sunction 0f 9 = W

B n+ks-mk/z K
=/ Y Co)y wlu U{ﬂz

178 Recall ;

- Z

- (co q, ™ S N (dg) We assume that & is
ord pw = e vew




5(/({3?0 I a (1{/{ ,3 :F }

o0
an/

fzy= 2 c, ) ef
h=hp
_ JL(%)Q(%)Z 0/7_ 277/7§/
wig)y= {(q=z 2 < %
D= 509 > (dg)" 5 fy (4 “') (0/7)
- f@g zm'>/2(047)

ord o W = Mp- K/2



WQ) we. aﬁz'rmé'
0&“7[(47) = ZV\P P
P requda
! % (V‘ ”K/z\ I

P wsp

K
+ Z _WTP N ‘(/l« 3.2>P

e“.Pﬁc
tations
We. — wnbroduce.  +Lthe J[OMOW/mg )

div'(d=>:= L (P) + ) ~%)P + Z(-Z)P

P elliptic
”"ﬁc re(l
‘ = 0-/1P oia(er 2 of ofd
i .n, P
P

E Ne- P + Z ne- P Zﬁ s
AAU (‘f) ul P P wsp P ellipnc

P reqular

We dr(w) = div™ €Y + kfo- die*(d 2D
e anve



Mow we cam descrife elemeuts of M (7)) -
0 e WM = dir(§yz0 <= div (w)~ky disTed) = o
recall : ﬂz (/‘)

¢ the (pace of meromorp[,'(
m@du‘@( ;fo(‘m5~>

r _— K/
Thew W, ! = jo( ED) @ 2)" (S a meromopluc differential
We  hwe

dot jo be auy  clment of (74-,<(/’> (.‘

A= {950 | 4 e (M)=C(xr)]

‘/{’Ck (l_> S  a Sagr/oczce of %K(/‘)

ford € M(T) i and only if  n(F, 930
For all P e X(I).



This s equalent o
v (o FD > ©
Recatls i ( Wy g = di(Fo 3D + £ dif(d =)
Therefore, £ g Belongs & M_(T) § and on/g o

0&‘17( W, g) — /Ei 0@('U‘¥ CC? %3 20 (_1/{3@ Riem&nw@ah?
0{/»‘\)‘(2@ + dir (Do) - J_i_ di(d=y= o

N This s not a
We  introduce  the gcouowz'yj notahon : This s not

e A divisor on X“—)
Sor W, e@ L TwR):i= T WIR

here 1 5 an wtegg Pt of a Taticweld nuwber V

53] definition, tlhys condibon s efqim@am‘ W .
g € L (Lo&‘v(wo) - —kz—ob‘v¥cdz)J>



We  hwe  edabliched that
dim (Al (DY) = e( drws- & di"(d=)] )
kZ
Muue W s cmj elewwut ajf J?,@/(KU‘D\-{O}L

Mow it fhees & com /guTe 4 ( Lc(fv* (W) -% OLU"(J 2) D

First , we show that
deg (L div (100) Sl ) > 292



B oL GOfQLW '677 Rﬁ
i J
dey (dir (Wp)) = & (29-2)
Albo  we  have

O’Qg (L div (wo) - —ki a%*(o(%\l)

. y K N
— _2(2_3_23 + L?jé,z, + LE lé_g + —Zém Compwluﬁbm
ot 1l
_ ) ‘j?—WuSo X(r
7 £ (2g-20 e KPe 4 Ko f)

7 a2

_ (23 Z> kZCZ"'{Z m+g

= 29-2 T <&, > 2g-2

This  proves the Claim.



Now the Riemann, - Rocly theorem
(+ the  corollary)  implies :

oft‘m (o[, <L OUU'(U)&S — %0(41.)‘*[0( %)j))—_—
- Jeﬁ ( L oﬂxn\r(u)oﬁ/ )% ob'tr*(o'%)b — g(X(W’))nLj_

THeorem: Tof  even #

(kng0+[5lea 5\6Ken i kg

din (M (7)) = 1 if k=0

O £ k<O



S (M) = M (M)

(1) (g LElg  LE L&Y (5080 if boF
06144(6,( U—D: g 14 k=2

0O 1f k<O

Exerclse; Su,o,oose that Jﬁ = §2<F) fgen,
f(2)d= defines a /)oéomor/o%/c
differential on X(r >

1
Moreolrer) Qhog(X(/—>) ~ 5 (7).




Example . [ =T (2D

57, = 0 X(F(Z\)
23 =0

£ =3

g =°

dim M (T(2Y) = (k=1) (0-4) + , 2 = £ 4L K even
m ML(I_(L\>‘- L
Tn the previeus lechues we hae  shoun  thak :

(08, 8! 8¢ e M ()

Jn(VHZ_ Z
Recalt: (Z> D emmi by (Z)= Z(ﬁn e 9 (Z)= =) e )

hez hez he/Z

=> There s a fineeur velofou ge{weeu bhese (o) elewots

4 4
"961

Jacob fa(eWH'g] : 9;,: - 970



O(Um: /!/)l(f'(w) = @- @j i @”@f
Yfhok Mok other evew — wegids ¢

M 4 (F(Z\B Y v heuggeuos
@[@0)79@4]0/?:1 ::\é

oé‘m \/1, = 2 4 crerdle

E xefuse :  [of even 3
Lomgeuws

M. (T(2) = Q[Q:o,ﬁﬂdeg:ﬁ

2




N\\&Jn\o&uj% \/5 order
>< = Qj Z\C @ — ]P Wer@morpﬁw'c j’vwvﬁ@h/ 2(,@@

oo

n
[aucent expansion of F at Z, . f(%)t Z:h ) (=22,
C (M) # O
i N< 0 => L£(=z0=00
it (£ = Indl,  orda(£)=n, “
£ N,=0 D S(RSE TNY £(2D= c,+ L Cl)(-2)

VWAM%O(:§>=”4_ Orﬁ(%o(§> =0 -
S V>0 > £(=2.>=0 S2>= L W) (%%o)“)

wudt 5 (£)=, oroa 2 ()=,



